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Building on the foundations laid by Bernhard Riemann in the 19th century, the
Generalized Riemann Hypothesis (GRH) extends the famous conjecture
about the distribution of prime numbers and their connection to the zeros of
the Riemann Zeta Function.

The Generalizations of the Riemann Hypothesis regard a class of functions
known as Global L-functions rather than a single one. One can apply similar
conditions to these functions and ask if the nontrivial zeros again occur only
when Re(s) = %

In particular, the Generalized Riemann Hypothesis focuses on Dirichlet L-
functions.

Let’s start by defining a Dirichlet character x:

Definition 1. A Dirichlet Character modulo k, is an arithmetical function
x(n) (i.e. a real- or complex-valued function defined on the positive integers),
such that:

1. x is completely multiplicative, that is to say:
x(mn) = x(m)x(n) ~ Vm,n€N.
2. x s periodic of period k, that is to say:
x(n+ k) =x(n) Vn € N.

3. x(n) = 0 whenever (n,k) > 1.

The simplest example of a Dirichlet character is x;(n), the Principal char-
acter modulo k, defined as:

This obviously satisfies the properties required in definition 1.



It can be proven (see [1], chapter 6) that there are exactly ¢(k) distinct
Dirichlet characters modulo k, where ¢ is Euler’s Totient Function, and that
x(n) is always a ¢(k)-th root of unity.

In the cited book it’s explained how these properties allow us to compute
several complete tables of Dirichlet characters modulo k. We propose two ex-
amples:

n 1 2 3 4 5
xi(n) 1 1 1 1 0
x2(n) 1 -1 -1 1 0
xs(n) 1 ¢ - -1 0
xa(n) 1 =i 4 =1 0

n 1 2 3 4 5 6 7
) 1 1 1 1 1 1 0
on) 1 1 -1 1 -1 -1 0
ys(n) 1 W w  —w —wb -1 0
van) 1 o —w —w W 1 0
vs(n) 1 —w ' W —w 1 0
vo(n) 1 -—w -w® W’ w -1 0
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Table 2: Dirichlet Characters modulo 7, here w = e

Definition 2. A Dirichlet L-function L(s,Y) is defined for Re(s) > 1 by the

L) = Y X M)

n

The Generalized Riemann Hypothesis regards this category of functions,
but before stating it, we need to extend these L-functions to the whole complex
plane, to do this we define the Hurwitz Zeta Function.

Definition 3. The Hurwitz Zeta function ((s,a), where a is a fized real
number 0 < a < 1 is defined for Re(s) > 1 by the series:
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Remark 1. It’s easy to see that ((s,1) = ((s).

We can express any Dirichlet L-function in terms of Hurwitz Zeta functions:

Theorem 1. For any Dirichlet L-function, we have:

L(s,x) = k™ ix(r)C (5:7) (3)



where x 1s a Dirichlet character modulo k.

Proof. Write each n from 1 to infinity appearing in the series definition of L(s, x)
asn=qgk+r wherel <r<kandq=0,1,2,---. Then:
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Now using the periodicity of Dirichlet characters modulo k:
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Using theorem 1, we will find an analytic continuation for the L-functions,
using an analytic continuation of the Hurwitz Zeta function.

Theorem 2. The Hurwitz Zeta function satisfies the equation:

_ (0,+) s—1 at
C(s,a)=F(1 .S)JO b e dt (4)
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Here the integration contour is C, a loop around the negative real axis; it starts
at —oo, encircles the origin once in the positive direction without enclosing any
of the points t = +2mi, +4mi, -+, and returns to —oo.

t~* has its principal value where t crosses the positive real azis and is continuous.
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Figure 1: The Contour C

This is a result that is hard to find proven in detail, this is a more complete
version of the demonstration from [2].

Proof. Start by considering the formula for the Gamma function known as the
Hankel’s Loop Integral representation:

L S (R,
F(S)—ﬁ CEZ z


https://positiveincrement.com/hankels-loop-integral

which implies:

211 2 _s
I'(s) = Jce z "dz (5)

the contour C is still the one in the picture above.

Fix v € C with Re(v) > 0 and substitute z = vt in the integral to obtain:

2 ) z -8 v -8 -8 vl ,—S8
ﬂ=Iez dz=Iet(vt) vdt = v' Jett dt
I'(s) c c C
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note that, using Cauchy’s Theorem, having chosen v € C with Re(v) > 0, the
contour can be left unchanged.

Replacing s with 1 — s we have:

271 —s— vt,—(1-s
Lvl 1= I et ( )dt
I'(1-s) c
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substitute v with v + n, where n € N, so that we still have Re(v + n) > 0:

(v+n)" = L -s) J LU,
2w C
Fix now z € C with |z]| = 1.
Restrict the contour C so that any ¢t € C satisfies |zet| < r < 1, where r is
the radius of the loop around the origin (see Figure 1), once again Cauchy’s
Theorem ensures that the result does not change. Multiply both sides by z":

n -s nF 1- v+n)t,s—
z (v+n) =z (—.S)Ie(Jr)tt dt
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taking the sum from zero to infinity we have:
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-s n F(l - 5) — n (v+n)t,s—1
Z(v+n) z —TZZ Ice t7dt
n=0 n=0
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7;)(11 +n) Tz = —5 Jct e T;)(ze ) dt

we can move the summation under the integral sign because |zet| <r<l.
The series on the right hand side is of the geometric kind and |zet| < 1, therefore
1

[oe]
we can use the formula: ) > ¢" = ot

We find:

Z(v +n) 2" = M Ic e (1 - zeh) Tt (6)
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Remark 2. The series Zfzo(v+n)_szn is sometimes referred to as the function
D(z,s,v) (see for example [2]).

Choosing now z = 1 and v = a we have:

y
> s=1 at
DI e et 0
y
o= NG [

O

Due to the fact that I'(1 — s) and the integral are well defined for Re(s) < 1,
we can use equation 4 to define the Hurwitz function on the whole complex
plane.

Definition 4. If Re(s) < 1, we define ((s,a) by the equation:

(1 - s—1 at
((s,a) = ( 8)j t etdt.
C l1-¢
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With this definition, the function is analytic for all s except for a simple pole
at s = 1 with residue 1.

Remark 3. Proving that the residue at s = 1 is 1 is fairly simple, it’s explained
in detail on [1], page 255.

Definition 5. If Re(s) < 1, we define L(s,x) by the equation:

k

L(s,x) = k7Y x(r)¢ (5,7 )

r=1

Theorem 3.

For the principal character x,1 modulo k, the L-function L(s,x1) is analytic

everywhere except for a simple pole at s = 1 with residue %.

If x # x1, L(s, x) is an entire function of s.
Proof. We will use the fact that:

Y x(r)=10 Lt

r fnod k (k) X =xa
Remark 4. This is also proved in [1].



We know that ¢ (s, %) has a simple pole at s = 1 with residue 1, therefore

the function x(r)¢ (s, %) has a simple pole at s = 1 with residue x(r).
Hence:
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Now that we have a satisfying definition of these series on the whole complex
plane, we can state the Generalized Riemann Hypothesis.

Definition 6. The Generalized Riemann Hypothesis asserts that, for every
Dirichlet Character x, if L(x,s) =0 and s is not a negative real number, then

Re(s) = %
‘ INCREMENT
Thank you!
We hope this lesson has been beneficial in studying
this interesting topic.
For more lessons or demonstrations, visit our website.
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