
The cases in which the Riemann Zeta can be evaluated explicitly are not
common; however, these are also not impossible.

It's somewhat easy to prove that the function equals zero for negative even
integers smaller than zero; these are usually called Trivial Zeros (see our lesson
regarding Riemann's original paper).

Another commonly known fact is that ζ�0� � � 1
2
. on the other hand, not

everyone knows that this is a particular case of the connection between the Zeta
Function and the Bernoulli Numbers.

Remark 1. Most of the following lesson is inspired by [1].

De�nition 1. For any x " C, the Bernoulli polynomial Bn�x� is de�ned by
the equation:
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The numbers Bn�0� are called Bernoulli numbers and are denoted by Bn.

Theorem 1. The functions Bn�x� are polynomials in x given by:
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Proof. Notice �rst that, by de�nition:

�

=
n�0

Bn�0�
n!

t
n
�

�

=
n�0

Bn

n!
t
n
�

t

et � 1
.

Therefore:

�

=
n�0

Bn�x�
n!

t
n
�

t

et � 1
� e

xt
� � �

=
n�0

Bn

n!
t
n�� �

=
n�0

x
n

n!
t
n�

where we used the series de�nition of the exponential function.
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We can compute the product of the two series to obtain:
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and the Theorem follows.

Theorem 2. For every integer n ' 0 we have:

ζ��n� � �Bn�1�1�
n � 1

. (3)

This is a corollary of the following Theorem:

Theorem 3. The Riemann Zeta function satis�es the equation:

ζ�s� � Γ�1 � s�
2πi
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Here the integration contour is C, a loop around the negative real axis; it starts
at ��, encircles the origin once in the positive direction without enclosing any
of the points t � �2πi,�4πi,�, and returns to ��.
t
�s

has its principal value where t crosses the positive real axis and is continuous.

Figure 1: The Contour C

You can �nd a rigorous proof here.
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Proof of Theorem 2. Using Theorem 3, we have:
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where we used de�nition of the Gamma Function and the Residue Theorem.

Now, with some simple algebra:
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Therefore
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Theorem 4. The Bernoulli polynomials Bn�x� satisfy the equation:

Bn�x � 1� �Bn�x� � nx
n�1

, if n ' 1.

Therefore
Bn�0� � Bn�1�, if n ' 2.

Remark 2. With this result, equation 3 can be written as:

ζ��n� � �Bn�1

n � 1
.

Proof. It is simple to see that:
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this can be written, by de�nition of the Bernoulli polynomials, as:
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Evaluating for x � 0 we complete the proof.

3

https://positiveincrement.com/definition-of-the-gamma-function


Theorem 5. If k is a positive integer, we have:

ζ�2k� � ��1�k�1 �2π�2kB2k

2�2k�! . (6)

Proof. Remember the Second Functional equation for the Zeta Function:

ζ�1 � s� � 2�2π��s cos �π
2
s	Γ�s�ζ�s�

this implies:

ζ�1 � 2k� � 2�2π��2k cos �πk�Γ�2k�ζ�2k�.
The left side of the equation is exactly ζ���2k� 1�� and we can therefore apply
Theorem 2 to obtain:

�
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�

ζ�2k� � ��1�k�1 �2π�2kB2k
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