
In this lesson, we discuss a fascinating formulation of the Riemann Hypothesis
connected to a property of natural numbers. While this property may be simple
to understand, its demonstration has eluded more than a century of research.

We start by introducing the so-called Liouville function and explain its con-
nection to the Riemann Zeta Function.

Liouville's function has long been studied in connection with the Riemann
Hypothesis. Insights regarding this topic can be found in many books; two ex-
cellent examples are [1] and [2]. This lesson is primarily inspired by these two
works, as well as the article "The Liouville Function and the Riemann Hypoth-
esis" by MJ Mossingho� and TS Trudgian [6].

Let's start with the de�nition:

De�nition 1. For any positive integer n, with prime factorization n � p
a1

1 p
a2

1 �p
ak

k ,

call Ω�n� � a1 � a2 � �ak the number of primes in the factorization counted

with multiplicity.

The Liouville Function λ�n� is de�ned as:

λ�n� �� w1 if n � 1;

��1�Ω�n�
if n j 1.

(1)

1 Connection to the Riemann Hypothesis

To understand the connection to the Riemann Hypothesis we must �rst link
this function to the Riemann Zeta. To do this, consider the fraction:

ζ�2s�
ζ�s�

for s j 1
2
. Remember that, for Re�s� % 0 the roots of the Zeta Function are

contained in theCritical Strip 0 $ Re�s� $ 1, this, added to the fact that those
are symmetric about the straight line Re�s� � 1

2
imply that, in the right-hand

side of the complex plane:

ζ�s� � 0� ζ�2s� j 0.

1



Therefore s with Re�s� % 0 is a singularity of
ζ�2s�

ζ�s�
if and only if s is a Non

Trivial Zero of the Riemann Zeta Function.

Remember the Euler product for the Riemann Zeta Function:

ζ�s� �5
p

�1 � p
�s��1 (2)

valid for Re�s� % 1.

Using this equation we can link Liouville's Function to the Riemann Zeta:

ζ�2s�
ζ�s� �

4p�1 � p
�2s��1

4p�1 � p�s��1 �5
p

�1 � p
�s��1 � p�2s� �5p

�1 � p
�s��1 � p�s��1 � p�s�

�5
p

1�1 � p�s� �5
p

�

=
k�0

��1�k
pks

(3)

where we used the fact that Re�s� % 1� ·p�s· $ 1, therefore we can write the

last term as an alternating geometric series: 1
1�r

� <�k�0��1�krk.
Let's think about what the product 4p<�k�0 ��1�

k

pks yields:

5
p

�

=
k�0

��1�k
pks

� �1 � 1

2s
�

1

22s
��
 �1 � 1

3s
�

1

32s
��
�

In the denominators we �nd every possible combination of products of primes
of any power, that is to say, one denominator for every integer n ' 1:

While the numerator is the product ��1� repeated k times where k � Ω�n�,
thus:

ζ�2s�
ζ�s� �5

p

�

=
k�0

��1�k
pks

�

�

=
n�1

λ�n�
ns . (4)

Computing a weighted sum like<�n�1 λ�n�

ns is a method often used in Analytic
Number Theory (see [1] chapter 2 and 3).

We will see that this is connected to a particular case of the function Lα�x�
de�ned as:

Lα�x� �� =
n&x

λ�n�
nα .

The instances α � 0 and α � 1 have been studied thoroughly, often in
connection to the Riemann Zeta Function.

2

https://positiveincrement.com/eulers-product-formula


To understand why it is the case, let's work more on equation 4, writing
λ�n� � L0�n� � L0�n � 1�:

ζ�2s�
ζ�s� �

�

=
n�1

λ�n�
ns �

�

=
n�1

L0�n� � L0�n � 1�
ns �

�

=
n�1

L0�n�
ns �

�

=
n�1

L0�n � 1�
ns

�

�

=
n�1

L0�n�
ns �

�

=
n�0

L0�n��n � 1�s �
�

=
n�1

L0�n� � 1

ns �
1�n � 1�s 


(5)

where we used the fact that by de�nition L0�0� � 0.

The last term can be written in integral form using the fact that:

� 1

ns �
1�n � 1�s 
 � E

n�1

n

s

xs�1
dx.

Therefore:

ζ�2s�
ζ�s� �

�

=
n�1

L0�n� � 1

ns �
1�n � 1�s 
 �

�

=
n�1

L0�n�E n�1

n

s

xs�1
dx � sE �

1

L0�x�
xs�1

dx.

(6)

This last equality brings us to a few important conclusions:

First, this expression of the function
ζ�2s�

ζ�s�
is not only valid for Re�s� % 1 but

its domain of de�nition depends on the convergence of the integral s D�
1

L0�x�

xs�1 dx.

Therefore, if one could prove that:

L0�x� � O�Óx� (7)

then
ζ�2s�

ζ�s�
would converge for Re�s� % 1

2
and the roots of the Zeta Function

would be constrained in the Critical Line, implying the Riemann Hypothesis!

This leads us to a very interesting reformulation:

It is a known result in probability, that for a Simple Random Walk on Z, i.e.
a random sequence of 1s and �1s with equal probability, the expected value of
the absolute value of the sum is of the order of

Ó
n.

Therefore, proving that the sum L0�x� behaves as a random walk would
imply 7, that is to say:

The Riemann Hypothesis would be implied by proving that every

integer has equal probability of having an odd number or an even

number of distinct prime factors.

2 Developments and conclusions

To this interesting conclusion, we add some good news and some bad news:
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On the bright side, Landau's Theorem regarding singularities of the Laplace
transform of non-negative functions (see for example [5]) implies that we could
prove less than L0�x� � O�Óx�. In particular, the Riemann Hypothesis would
follow if any of the following inequalities holds for su�ciently large x:

L0�x�Ó
x

$ C,
L0�x�Ó

x
% �C, L1�x�Óx $ C, L1�x�Óx % �C.

Meanwhile, on the downside, Ingham proved in 1942 that bounding these
functions would imply much more than just the Riemann Hypothesis; it would
follow that there are in�nitely many integer relations among the ordinates of
the zeros of ζ�s� on the upper half-plane of the critical line [4].

Although intriguing, the existence of such relationships is not supported by
any evidence, and there appears to be no valid reason to believe they are true.
The best approach to the problem seems to be to focus on proving 7.

For those interested in this approach to the Riemann Hypothesis, we rec-
ommend the paper "The Liouville Function and the Riemann Hypothesis" by
Michael J. Mossingho� and Timothy S. Trudgian. This paper provides bounds
on the oscillation of the function L0�x�. Additionally, the article "The Final
and Exhaustive Proof of the Riemann Hypothesis from First Principles" by K.
Eswaran attempts to demonstrate the Hypothesis by exploring its connection
to the Random Walk [3].
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