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The original purpose of defining the Riemann zeta, was to investigate the dis-
tribution of prime numbers, particularly the function 7(z), which counts the
number of primes less than a given quantity.

Riemann’s efforts in his 1859 article, "On the Number of Prime Numbers Less
Than a Given Quantity," made significant waves in the world of mathematics.
Still, he could not prove the conjecture initially stated by Legendre in 1797.

However, building on Riemann’s theory of the Zeta function, Jacques Hadamard
and Charles Jean de la Vallée-Poussin independently proved the conjecture in
1896.

Remark 1. The following proof takes inspiration from the one appearing in [2].

Theorem 1 (The Prime Number Theorem). Let w(x) denote the number of
primes < x. then:

x
m(z) ~ Togz’ as x — 00. (1)
We will need the following lemma:
Lemma 1. - (2)
m(x
1 = — d 2
og((s) SL -1 x (2)

for Re(s) > 1.
Proof. Remember Euler’s Product Formula for the Riemann Zeta function:

) =[1===T10-r7)" (3)

p

where the product runs over all prime numbers p. This implies:
1
10g§(s)=—210g(1—;). 4)
P

While, the definition of 7(x) implies that:

1 if n is a prime number

0 if n is not a prime number.

m(n) —m(n-1) ={
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Hence, equation 4 can be written as:

log C(s) = — Zlog(l - pi) - i (n(n) = 7(n - 1))10g(1 - ni) (6)

n=2

Here 7(1) = 0 while for every other n there are only two factors w(n), one

multiplied by log (1 - %) and one multiplied by — log (1 - —(n+11)s )

Therefore, we can write the series as:

i (r(n) = m(n - 1))1og(1 - %) = i w(n) (log(l _ %) _ log(l _ (n+

7))

n=2 n=2 1
(7)
It follows that we can develop further equation 6:
log<(s) = = 3 (n(n) = n(n - 1)) log 1 - =
n=2 n’
N 1 1
_—;ﬂ(n)(log(l—F)—log(l——(n_l_l)s)) (8)
e n+1 0
= Y w(n) J +dx = SI %dx
= no x(z®-1) 2 a(z® —1)
where we are allowed to rearrange the series since:
m(n) <n and log(l -n"*) = (’)(n_Re(S)) with Re(s) > 1. O

To obtain the result of the Prime Number Theorem, we will invert equation
2 into an explicit formula for 7(z).

Proof of the Prime Number Theorem:

Define w(s) as follows:
_ (F__7(=)
w(s) 1= L Sy (9)
Then:
w —w(s) = Joo ﬂdx - Joo &dx = Ioo 7T(m)daz. (10)

9 l‘(ﬂfs _ 1) 9 {L‘S+1($S _ 1) 9 LL'S+1

Let’s take some time to analyze the function w(s):

Since 7(x) < z the integral defining w(s) converges uniformly, and is therefore
regular and bounded, for Re(s) = % + 4, due to the fact that the integral

I“’ m(z)
——dx
2 w5+6($5+6—1)

converges uniformly.



This is similarly proven for w'(s), since, computing the derivative under the
integral sing:

Proceed by differentiating equation 10 with respect to s:

w —w(s) = I°° —ﬂ(x) dx - I°° &dx = J‘X‘ W(x)df

9 I(.IS _ 1) 9 (L‘S+1(l‘s _ 1) 9 $S+1
|
¢'(s)
C(S)s—logg(s) oy © m(x)logx
8—2 - W (S) = - ) de
|
¢(s) | log¢(s) J“ m(x)logx
_ = . 11
<C0s) + > +w(s) , e dz (11)
Call ¢(s) the right-hand side of the equation, i.e.
© n(z)logx
Define also:
xT 1 xT
g(z) := I wdu, h(z) := J’ #du. (13)
0 0

Remark 2. Mind that, by definition of w(x), m(x) = 0 for x < 2. Hence, the
same is true for g(x) and h(x).

Integrating by parts ¢(s), using the fact that ¢'(z) = %, we obtain:
© m(z)logx © w(z)logx © s
¢(s) = J 25tL dz = J 25+l dz = J g'(a:)a: dx
2 . 0 0 (14)
= s[ g(z)z* da.
0
Now, h'(z) = % and we can integrate by parts again:
o(s) = sI g(z)z* da = sI K(z)z ™ da
oo ’ (15)
2 -s-1
=5 hz)z ™ “dx
0
U
2 *° s—1
6(=5) = (=) | h(e)e"
0
U



o) = Joo h(z)z® " dz. (16)

0

Now h(z) is continuous and of bounded variation in any finite interval and,
since 7(x) < =, it follows that, for x > 1, g(x) < xlogz and h(z) < xlogx.

In conclusion h(z)z" 2 is absolutely integrable over (0, %) if k < 0.

We can therefore use the inverse Mellin Transform to compute @:

The Mellin Transform of a complex valued function f(x) is the function:

M{f)(s) = jow £ () de.

Therefore:

29 L ()} (s). an

S

While the inverse Mellin Transform is:

1 c+1i00

M Hela) =55 a7 e(s)ds

c—100
were c is a real value such that: ¢(s) —» 0 as Im(s) — Zo0o on the line
Re(s) = ¢, and the integral on the same line converges absolutely.

Therefore, for ¢ > 1:

1 c+i00 d)(—S) s 1 c—100 ¢(S) B 1 c+i00 (b(S) s
h(z) = 57 o z ds= 57 i 2 x (—ds) = 57 L_m 2 z ds
(18)

The integral on the right is absolutely convergent, since ¢(s) is bounded for
Re(s) = 1, except in the neighborhood of s =1

Remark 3. These bounds are proven in detail in [2], page 51.

In the neighborhood of s = 1, we have:

1 1
¢(S) = m +10gm + ..

U

8(s) = — +u(s)

where 1(s) is bounded for Re(s) = 1, |[s — 1] = 1 and %(s) has a logarithmic
infinity as s = 1.

\

Now

1 c+1300 R 1 c+100 s 1 c+100 s
h(x) = @x ds = 57 J L w(s)

=5 i x ds.
2mi c—100 52 c—1i00 (3—1)82 2mi c—i00 52



The first term can be computed using the Residue Theorem, we can consider
the contour C defined as the half-circle with side on the line Re(s) = ¢ and
extending to its left (see Figure 1).

It’s easy to see that as the radius 7" goes to infinity the integral on the arc
goes to zero and we are left with the term I::: #ds. This is therefore

equal to the sum of the residues on the left of the line Re(s) = c.

c+1T
¢

T

.

c— 1T

Figure 1: The contour C

In conclusion, the first term can be computed as:

1 c+100 JIS
% jc_ioo mds =T — 10g1‘ -1.

In the other term we can apply Cauchy’s Theorem to the rectangle (1 +
iT,c + ¢T), with an indentation of radius € around s = 1 and make T — 00,
€ = 0 to basically compute the integral for ¢ = 1 (see figure 2).

Hence:
1 c+100 '(/)(5) R 1 1+500 77[}(5) R 1 [ 1][}(1 + it) 1wit, .
% oo 32 r'ds = % Jl_ioo _32 r ds = % - —(1 " zt)Q xT (Zdt)

|
i o0 w(1+it) it
27 J oo (14 3)2

The last integral tends to zero as xz — 00, by the extension to Fourier
integrals of the Riemann-Lebesgue Theorem.

Remark 4. This is Theorem 1 of [1].

hz)=x—-logzr -1+



R c+iT

c—1T

Figure 2: The contour R

Therefore:
h(z) ~ x.

To conclude, we need the following Lemma:

Lemma 2. Let f(z) be positive and non-decreasing, such that:

Iw @du ~
1
as T — 00.
Then
flz) ~ .

Proof. Consider a given positive number §, then by hypothesis we have:

(1-0) < I M) gy ade, (2> n0).



Hence, for any positive e:

Jx(1+e) Mdu _ Iw(1+e) (_u)du ~ Jw @du < (1 + 5)(1 + e)x - (1 - 6)«%'
1

T u 1 u

U

z(1+e€)
J %du < (20 + €+ de)x.

x

But f(x) is non-decreasing, so:

z(1+e€) z(l+e) z(1l+e€) €
[ FW) s 5@ | du, 5@ | ()

- U . - z(1 +€)

U
€ z(l+e€) f(u)
1+6f(l’)<J‘ Tdu<

x

(20 + € + de)x

U
f(x)<x(1+e)(1+5+¥).

Taking for example € = v/§, it follows that:

(x)

= <1

lim sup

With the same reasoning, considering the integral:

[ty
z(l-€) u
we obtain
i int L) 5
T
and the lemma follows. O

We have proven that h(z) ~ 2 hence, this lemma implies:

which proves 1. O
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Thank you!

We hope this lesson has been beneficial in studying
this interesting topic.
For more lessons or demonstrations, visit our website.

References
[1] Edward Charles Titchmarsh. Introduction to the theory of Fourier integral.
The Clarendon Press, 1937.

[2] Edward Charles Titchmarsh and David Rodney Heath-Brown. The theory
of the Riemann zeta-function. Oxford university press, 1986.


https://positiveincrement.com/

