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Definition 1. The Riemann Zeta function is defined as

()= ) =

n=1
for Re(s) > 1

Theorem 1. The Riemann £ function, defined as:

6(s) 1= gs(s = )0 (3) 773 c(s)

satisfies the equation
£(s) =¢(1-s)
for s #0,1.

(2)

This is a classical result that can be found in many textbooks, the demonstration

that follows is a detailed explanation of the proof that appears in [1].

Proof. The demonstration relies heavily on the equation:

C(s) = 2(27)° sin(gs)m —s)¢(1—5)

this is not an obvious result, the full proof can be found on our site.

Start by computing £(1 — s), using its definition:

€(1—s) = %(1—5)(1—5—1)1“(1;5)7T‘155g(1—s)

|
5(1—3)=%S(s—1)r(1;5)w

The definition of £ implies:

s=1

2 ((1=s).
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¢(s) = L
s(s— 1) (3)


https://positiveincrement.com/first-functional-equation

therefore using 3:

26(s)m

—%=22w5‘1sm Zs)T(1-s)¢(1-s
FRETTARECY (350 =s)c1-5)

U (4)
£(s) = s(s— 1)25_17r§_1 Sin(gs) (- s)F(%) ¢(1-s).

Remember now Legendre’s duplication formula for the Gamma function:

27227 T(2s) = T(s)T (S ' %)

when s is replaced by 12;5 this becomes

i 1- 1-s+1
2779 1F(1—s)=r( S)F( > )
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237T2F(1—5)=F(1;S)F(1—%) (5)
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I(s)D(1 - s) = sz;s)
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to find:




Remembering equation 4 we have:

£(s) = s(s— 1)28_171'5_1 sin(zs) I'(1-s)C (;) ¢(1-1s)

1-s
=5(s—1)25_17r§_12_87rér( 2 )r

r(s)
=%s(s—1)f‘(1;5)wsglg(1—s)

which is exactly 2.
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