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Definition 1. The Riemann Zeta function is defined as
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for Re(s) > 1

Theorem 1.

¢(s) = (s i ) + ;1(2(7:81)) IOOO 2 (% —'(1+ x))dx

for 0 < Re(s) < 2, s # 1, where ¥(x) := %lnF(x) = % is the Digamma
function.

The following is a more detailed version of the proof that appears in De
Bruijn’s original paper [1]. We will use the common notation Re(s) = o.

Proof. Start by considering the equation

C(1+s) —Sm j w1+x

true for 0 < Re(s) < 1, this is not an obvious relation, the proof can be found
on our site.

Evaluating the formula for s yields:
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considering now that, for 1 < o < 2:
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we have:
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Therefore:

¢(s) = G i ) + ;1(1;(7_751)) IOOO xl_s(l j—x —'(1 +x))dm

Now notice that the integral Jo e L dy is uniformly convergent in every
reglon lylng between the lines ¢ = § and ¢ = 2 — ¢ and the same is true for

[o0 = °y'(1 + 2)dw given that ¥'(z) = (’)(w%)
Hence the formula is actually valid for 0 < 0 < 2, s # 1. O
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