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Definition 1. The Riemann Zeta function is defined as
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for Re(s) > 1

Theorem 1.
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where Re(s) > -2k, N,k = 1,2,---, B,(z) are the Bernoulli polynomials,

B, (z) := B,(xz — [x]) are the Bernoulli periodic functions while the function
[z] :=max{k € Z : k < x}, is known as "floor" of x or integer part of x.

Proof. Start by considering the equation
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this is known as Representation by Euler-Maclaurin-formula.

By adding and subtracting % to x — [x] we obtain the first Bernoulli periodic

function B (z) = « - [¢] - %:
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https://positiveincrement.com/representation-by-euler-maclaurin-formula
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where we used that -3 INF— 2N .

To obtain the result we will use the following properties of the Bernoulli

Polynomials:
B,(0) = B, (4)

L (2 )

Bn—l(x) = % n
Where B,, is the n — th Bernoulli number, proofs can be found in [1].

We proceed now using integration by parts, remembering that by equation
5 we have IEl(x)dx = BQT(‘T):
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218 = ¢ given that the k-th Bernoulli

Polynomial has degree k, also by definition of Bj,(z):

if we suppose Re(s) > —2 than lim,_, e

By(N) = By (0) = By,
for any integer N.

Therefore

and we obtain:

N 1-s o)
1 N 1. s B

Z—€+ _1—§N l‘sg_ql;)d
n=1n s N T
&1 N Lymsy Baymsm _sls+1) (™ Eg(x)d ®)
_ZF-'-S-I_? ey D) N 2

n=1

N 1-s )
B 1 N 1 s [s8\By —s-1 [s+1)\ (* By(x)
_;$+8_1—§N +(1>2N ( 9 )JN TRt

so exactly our formula for &k = 1.

The general formula is obtained by integrating by parts k times.
Notice first that Bgy,q = 0, therefore the first term of the integration by parts
is zero when we iterate for an even number of times, this explains why the first
sum of the general formula only contains even indexes.

Summing up, under the hypothesis that Re(s) > —2k, the term outside the
integral after the k—th iteration will be:
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0 after an even number k of iterations
after an odd number k of iterations
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while the integral part will always be multiplied by factor == that times the

SZEI) gives us exactly (S+k)' k D
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Corollary 1.
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where Re(s) > =2k, k=1,2, .

Proof. To obtain this we only need to consider N =1 in Theorem 1:
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