= POSITIVE
INCREMENT

Definition 1. The Gamma Function is defined as:

I'(s) := J e at
0

for Re(s) > 0.

Theorem 1.

for2s #0,-1,-2,---

(2)

Proof. Remember the definition of the Beta Function and its famous relation

to the Gamma Function:

B2y, 2) = L N1 = )=y = 1;((2211)2(;22))

true for z1, 29 € C with Re(z), Re(z) > 0.
Fixing z1 = z5 = s yields:

L(s)T(s) _ (1 51
B(S,S)=W=J't (1—

changing variable to t = % we find:

—FS();S()S) - Ll N1 - 1) Nt = fl (1 ; z)s_l (1 - #)H d;

(Y 1+ 1=-2)\" 1 1 gys-1
=§J—1( 2 ) ( 2 ) d:c=225_1j_1(1—m) de.
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Notice that the integrated function (1 - xQ)S is even and therefore:

1 s—=1 1 s=1
J (1—962) dm=2j (1—952) dr.
-1

0
Hence, equation 5 implies:

227IP(5)(s) = 20(2s) L (1-4%)""dw. (6)

Going back to the definition of the Beta Function 3 and substituting ¢t = x2,

we also find: .

B(z1,2) = J 2z - 27 (1 = %) Ndw

0
fixing z; = % and z, = s, this implies:
1 ! 1-2 2ys-1 ! 2ys-1
B(§,S)=QI oz (1-27) dx=2j(1—:r) dz. (7)
0 0

To conclude, combine equations 6 and 7:

2711 (s)1(s) = [(25) B (%s)
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due to the fact that T’ (%) =72,



