
De�nition 1. The Gamma Function is de�ned as:
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Theorem 1.
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Remark 1. This proof comes in part from [1], we simply add some missing
details.

Proof. Start by considering the fact that:
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Remark 2. On our site you can �nd proof of this Integral representation.

This implies:
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Using the fact that:

log s � E �

0

e
�t
� e

�st

t
dt

1

https://positiveincrement.com/integral-representation-of-the-digamma-function


and
1
s � E

�

0
e
�st

dt

we have:

Γ
¬�s � 1�

Γ�s � 1� � E
�

0
�e�t

t
�

e
�st

et � 1
�dt � E �

0
�e�t � e

�st
� e

�st

t
�

e
�st

et � 1
�dt

� E �

0

e
�t
� e

�st

t
dt � E �

0
�e�st

t
�

e
�st

et � 1
� dt

� log s � E �

0
�e�st

t
�

e
�st

et � 1
�

e
�st

2
�

e
�st

2
� dt

� log s � E �

0

e
�st

2
dt � E �

0
�e�st

t
�

e
�st

et � 1
�

e
�st

2
� dt

(3)

�

d

ds
log Γ�s � 1� � Γ

¬�s � 1�
Γ�s� � log s �

1

2s
� E �

0
�1
2
�

1
t
�

1

et � 1

 e�stdt.

The integrand in the last term is continuous as t � 0, the function is also
bounded as t � �. Therefore, the integral converges uniformly when the real
part of s is positive. Hence we can obtain log Γ�z�1� by integrating both sided
from 1 to s, switching the two integrals in the last term:

log Γ�s � 1� � E s

1
log sds � E s

1

1

2s
ds � E s

1
E �

0
�1
2
�

1
t
�

1

et � 1

 e�stdtds

�

log Γ�s � 1� � s log s � s � 1 �
log s

2
� E �

0
E s

1
�1
2
�

1
t
�

1

et � 1

 e�stdsdt

�

log Γ�s � 1� � �s � 1

2

 log s � s � 1 � E �

0
�1
2
�

1
t
�

1

et � 1

 e

�st
� e

�t

t
dt.

Using the known property of the Gamma Function sΓ�s� � Γ�s � 1�, we
have log Γ�s � 1� � log sΓ�s� � log s � log Γ�s�. Therefore:
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(4)
We will evaluate the second of these integrals:
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and
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With these de�nitions, evaluating equation 4 for s � 1
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Therefore, we have:
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And so
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In conclusion, we have Binet's Formula:
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